Motivated by the discovery of a handful of pulsating, extremely low-mass white dwarfs (ELM WDs, mass M 0.18 M ) which likely have WD companions, this paper discusses binary formation models for these systems. ELM WDs are formed using angular momentum losses by magnetic braking. Evolutionary models are constructed using the Modules for Experiments in Stellar Astrophysics (MESA), with ELM WD progenitors in the range 1.0 M d /M 1.5 and WD companions in the range 0.4 M a /M 0.9. A prescription to reduce magnetic braking for thin surface convection zones is included. Upon the thinning of the evolved donor's envelope, the donor star shrinks out of contact and mass transfer (MT) ceases, revealing the ELM WD. Systems with small masses have previously been suggested as possible AM CVN's. Systems with large masses, up to the limit M 0.18 M at which shell flashes occur on the WD cooling track, tend to expand out to orbital periods P orb 15 hr. In between this range, ELM WDs may become pulsators both as pre-WDs and on the WD cooling track. Brickhill's criterion for convective mode driving is used to estimate the location of the blue edge of the g-mode instability strip. In the appendix, we show that the formation of an ELM WD by unstable MT or a common envelope event is unlikely. Stable Roche-lobe overflow with conservative MT produces only M 0.2 M .
INTRODUCTION
Extremely low-mass white dwarfs (ELM WDs) are here defined as helium-core WDs with masses M 0.18 M , sufficiently low that no hydrogen shell flashes occur during the WD cooling stage. More massive WDs have shell flashes, which quickly decrease the mass of the hydrogenrich envelope. The thicker envelopes of ELM WDs allow for significantly higher stable hydrogen burning rates, keeping these lower mass stars more luminous than their slightly more massive counterparts (Driebe et al. 1999) .
Helium core WDs can in principle be formed through single star evolution, for sufficiently small mass that helium core ignition is avoided. Large helium core WDs of mass M 0.45 M may be produced in less than 13.7 Gyr (D'Cruz et al. 1996) if enhanced mass-loss rates are assumed on the red giant branch (RGB). However, far larger mass-loss rates would be needed to strip more than 0.8 M on the RGB to uncover a helium core mass M c < 0.2 M starting from a M i 1 M zero-age main sequence (ZAMS) star. Further, the main sequence (MS) evolution time for ZAMS masses M i 0.2 M is t ms 1000 Gyr, and hence, in practice, ELM WDs can only be produced through binary evolution, either by stable Roche-lobe overflow (RLOF) or unstable mass transfer (MT) and a common envelope (CE) inspiral.
ELM WDs have been observed to pulsate with g and p-mode oscillations (Hermes et al. 2012 (Hermes et al. , 2013a , opening up the possibility of probing the interiors of these exotic stars with seismology. One question is whether the two different formation channels can be distinguished through seismology. Since the structure of these objects is particularly simple, with a helium core and a thick, hydrogen-rich envelope, there are in principle fewer Electronic address: msun@virginia.edu, arras@virginia.edu 1 Department of Astronomy, University of Virginia, P.O. Box 400325, Charlottesville, VA 22904, USA parameters required to characterize the star than for carbon-oxygen core DA and DB WD pulsators. One complication is that, for the effective temperature T eff range of observed pulsators, there may be insufficient time to establish diffusive equilibrium throughout the star (Córsico & Althaus 2014) . This complicates the calculation of stellar models, because time-dependent diffusion must be included, but also provides an additional opportunity for changing composition profiles to affect the mode periods.
A number of ELM WDs were recently discovered by the ELM, SPY and WASP surveys (Koester et al. 2009; Brown et al. 2010 Brown et al. , 2012 Brown et al. 2013 Brown et al. , 2016 Maxted et al. 2011; Kilic et al. 2011 Kilic et al. , 2012 Gianninas et al. 2015) . Follow-up observations of ELM survey candidates allowed Hermes et al. (2012) to discover the first pulsating ELM WD, SDSS J184037.78+642312.3. Subsequently, the 2nd and 3rd pulsating helium WDs, SDSS J111215.82+111745.0 (J1112) and SDSS J151826.68+065813.2, were discovered with seven oscillation frequencies, respectively. For J1112, two modes with shorter periods were suggested as possible p-mode oscillations (Hermes et al. 2013a ). This is the only known WD with p-mode pulsations. There are currently seven known pulsating ELM WDs (see Table 1 ). The T eff range of the seven stars is 7, 890 < T eff /K < 9, 560, and the surface gravity range is 5.78 < log 10 (g/cm s −2 ) < 6.68. The range of observed pulsation periods for the seven objects is from 1184 to 6235s (Hermes et al. 2013b; Bell et al. 2015; Kilic et al. 2015) . Pulsations are also observed in pre-ELM WDs WASP J1628+10B and WASP J0247-25B, which have not yet cooled off to the WD cooling track. An interesting point in regards to the driving of the observed modes by the κ mechanism is that the driving by the helium partial ionization zone may indeed explain the observed arXiv:1703.01648v2 [astro-ph.SR] 23 Mar 2018 pulsations (Córsico et al. 2016 ), but it was necessary to turn off diffusion, otherwise helium would settle down below the driving region. Models which include element diffusion (Istrate et al. 2016 ) must include a source of mixing to keep the helium lofted up in the driving region.
The expected range of oscillation mode periods of helium WDs with mass M 0.2M was examined by Steinfadt et al. (2010) , who showed that the smaller WD mass and larger radius lead to mode periods as much as a factor of 2 longer than the carbon-oxygen core WD with log 10 (g/cm s −2 ) ≈ 8. They also showed that gmode pulsations may contain most of their energy in the helium core, so that the mode periods may be sensitive to M c . Córsico and Althaus (2014;  hereinafter CA) studied the two short period p-modes of J1112, finding that the model p-modes nearly match the observed short period modes for a low-mass WD with M 0.16 M , but the implied surface gravity was then well below that inferred from spectra. Subsequently Tremblay et al. (2015) used three-dimensional (3-D) hydrodynamic simulations of WD atmospheres, and fitting these new model atmospheres implied significantly different log g for cool DA WDs, as much as 0.35 dex, closer than that required by the short p-mode periods. At present, the minimum mass ELM WD from the ELM survey is M = 0.14 M (Brown et al. 2016 ) with a log 10 (g/cm s −2 ) = 5.5. One question addressed in this paper is the minimum mass for the ELM WD from binary evolution.
There are seven observed pulsating WDs with mass lower than 0.2M . Table 1 gives their parameters from observations. The mass estimates of the ELM WDs and their companions are shown in columns 2 and 6. Except J1618+3854, all other log g is given by 3-D atmosphere simulations (Tremblay et al. 2015; Kilic et al. 2015) . Three of the systems have no radial velocity detection of a companion.
Section 2 discusses a promising formation channel, Roche-lobe overflow including orbital angular momentum losses due to magnetic braking. Binary evolution and ELM formation results from this model are presented in Section 3. Discussion and conclusions are given in Sections 4 and 5. Appendix A shows that the minimum WD mass produced through conservative mass transfer is larger than the ELM WD mass range. Appendix B shows that formation of an ELM WD by CE evolution tends to produce very close binaries, which may merge in many cases.
ELM FORMATION THROUGH MAGNETIC BRAKING
The Cataclysmic Variable (CV) model of ELM WD formation in this paper assumes that the progenitor of the ELM WD was the initially less massive star. The initially more massive star formed a WD companion.
From the discussion in Appendix A, magnetic braking is key to form ELM WDs so that the envelope is stripped before the core can grow too large. This section starts with a brief summary of previous work on CV binaries with both unevolved (M c = 0) and slightly evolved (M c 0.05 M ) stars transferring mass to a WD. The ELM formation model presented here is the extension to CVs with higher core masses in the range 0.06 M c /M 0.16. In this model, the ELM WD started as the donor star, and appeared as a M < 0.18 M WD at the end of MT. The lower core mass end for the ELM WD comes from the requirement that MT ends before the AM CVN phase, so that the ELM WD may be observed as a pulsator. The upper core mass limit for the ELM WD is set by requiring that no shell flashes occur on the WD cooling track, allowing thick surface hydrogen layers and long-lived stable nuclear burning. Canonical CV evolution of unevolved donor stars with masses M d 1 M uses magnetic braking laws calibrated by observations of the spin-down of single stars to understand binary evolution. Since the thermal time is shorter than the mass-loss timescale for these systems, the evolution is relatively insensitive to the initial donor mass, and the evolution of different donor masses converges to the same track at shorter P orb . The wellknown CV period gap, the scarcity of accreting systems in the range 2 < P orb /hr < 3, is understood as the donor shrinking inside the Roche lobe when the magnetic braking torque decreases sharply. The physical origin of the angular momentum loss rate by magnetic brakingJ mb was initially thought to be the disappearance of the tachocline as the star became fully convective, although it was later realized that even late M stars may be able to generate large magnetic fields which can support a comparable level of coronal activity required to generate a magnetic wind (Kraft 1967; Skumanich 1972; Spruit & Ritter 1983; Browning 2008) . Regardless of the origin of the torque decrease, it is implemented in evolutionary codes by turningJ mb off by hand when the donor star becomes fully convective. MT then resumes at P orb 2 hr when gravitational wave torques shrink the orbit and bring the donor back into contact. The gradual lengthening of the thermal time as the hydrogen burning limit is approached changes the structure of the donor from that of a low-mass MS star to a brown dwarf responding adiabatically to mass-loss. As a result the donor star expands upon losing mass, and the orbital evolution switches from contraction to expansion.
The evolution of CVs with slightly evolved donors M c 0.05 M has been discussed by Podsiadlowski et al. (2003) and van der Sluys et al. (2006) . They showed that systems with evolved donors can form short-period AM CVn systems for small M c , and also dominate the CV population at long orbital periods P orb 5 hr for larger 0.03 M c /M 0.05. A bifurcation period at 16 P orb /hr 22 separates the systems which move to shorter periods from those that expand. In the period range 1 P orb /hr 5 hr the CV population is dominated by unevolved stars. Podsiadlowski et al. (2003) discussed that, as compared to unevolved donors, care must be taken in the magnetic braking torque when the donor's convective envelope becomes thin. The commonly usedJ mb formulae have been calibrated for stellar masses less than about 1 M , and do not take into account the reduced magnetic torque for sufficiently thin surface convection zones. The well known Kraft break (Kraft 1967) in the rotation rates of single stars at mass about 1.3 M divides the highermass, rapid rotators from the lower-mass slow rotators, indicating a dramatic reduction inJ mb when the surface convection zone becomes small. For evolved donors, this reduction is key to the formation of ELM WDs. Due (6) (1) Hermes et al. (2012) ; (2) Hermes et al. (2013a) ; (3) Hermes et al. (2013b) ; (4) Bell et al. (2015) ; (5) Gianninas et al. (2015) ; (6) Kilic et al. (2015) ; (7) Tremblay et al. (2015) .
to the degenerate helium core, these stars always have radiative cores, and henceJ mb would not undergo the same drastic reduction as for unevolved donors. However, MT gradually sheds the envelope until it becomes so thin that the shell burning strongly decreases, with an associated shrinking of the convective envelope. This tends to cause the evolved donor to fall out of contact. If, in addition, a prescription for reducedJ mb at small convective envelope mass is included then a long nonaccreting phase in which the donor star emerges as an ELM WD may result. Systems with small M c which fall out of contact at small P orb may be driven back into contact by gravitational wave losses, while those with larger M c are sufficiently distant that they don't have time to come back into contact in a Hubble time.
The magnetic braking law chosen here is the same as used for unevolved donors, with a reduction in torque for small convective envelopes. The reasonableness of this prescription can be judged by the agreement of the model P orb , log 10 g and T eff with observations.
Description of the Simulations
Binaries are evolved using the "binary donor only" option in the Modules for Experiments in Stellar Astrophysics code (MESA, version 8845; Paxton et al. 2011 Paxton et al. , 2013 Paxton et al. , 2015 , which evolves the structure of the donor star and orbit in time, but treats the accretor as a point mass. Mass transfer is assumed to be fully non-conservative (MESA parameter mass transfer beta = 1), so the accretor mass M a,i is a constant in time and mass-loss from the binary is assumed to take place in a fast wind from the accretor. The physical basis for this assumption is that accretion disk winds may limit the mass that falls on to the accretor, and nova explosions may remove the accreted mass.
The mixing length parameter is set to α ML = 1.9. The ZAMS metallicity of all stars is Z = 0.01, which is characteristic of the disk stars in the Galaxy (Bensby et al. 2014) . As stars evolve faster for lower metallicity with the same star mass (Istrate et al. 2016) , this metallicity choice helps accelerate the production of a WD within the age of the Galaxy. The nuclear burning network used is "pp and cno extras", which Mg and extended networks which comprise the pp-chain and CNO cycle. Element diffusion is included over the entire evolution, starting from ZAMS end extending through the WD cooling track. This setting is crutial in regards to the critical mass at which H flashes occur, as well as to the number of flashes before the WD cooling as found by Istrate et al. (2016) . The setting "diffusion use cgs solver = .true." is used to allow for electron degeneracy in the diffusion physics. Landau & Lifshitz 1975) and mass-loss from the binary (J ml )
Angular momentum loss from the binary due to a fast wind in the viscinity of the accretor is (Tauris & van den Heuvel 2006 
The mass-loss torqueJ ml is important during the thermal timescale mass transfer TTMT, when M d M a and the mass-loss rate of the donorṀ d is high. Thereafter, J mb takes over until the convection zone thins. The gravitational wave torqueJ gr is important for short periods P orb 3 hr, and is the dominant torque at the second phase of MT at P orb 1 hr.
For thick convection zones with mass fraction q conv > 0.02, the magnetic braking formula of Rappaport et al. (1983) is used. MESA's implementation is to seṫ J mb = 0 when the fraction of mass in the convection zone q conv > 0.75 to implement the above-mentioned reduction at small stellar mass. To take into account reduced magnetic braking when the surface convection zone is thin, the ansatz from Podsiadlowski et al. (2002) is thaṫ J mb is reduced by an exponential factor as the convection zone mass becomes small. The end result used in the simulations is theṅ
whereJ mb is in CGS units g cm 2 s −1 , magnetic braking index γ = 4 was used in the calculations, ω = 2π/P orb is the orbital angular velocity in rad s −1 , R d is the donor star radius. The mass fraction q conv = 0.02 is for the current solar convection zone and so magnetic braking is suppressed on the MS for more massive stars. Because the donors are evolved, their radii shrink less than for unevolved donors and there is only a weak dependence on γ. Calculations with γ = 3 and 4 gave similar results.
A side effect of the reducedJ mb at small q conv is that donors with mass 1.3 M d /M 1.4, which have small magnetic braking on the MS, can have sufficient magnetic braking as evolved donors, with thicker convection zones that they work well as the progenitors of ELM WDs. Their MS lifetime is much shorter than a 0.9 M d /M 1.1 donor, so this leaves more time for the WD to cool to small T eff 9000 K and enter the blue edge of the instability strip. Simulations of donors with larger masses M d 1.5 M had difficulty forming an ELM WD because M c 0.1 M at the end of the MS which, when combined with core growth during the accretion phase, makes them too large to be the ELM WD with M < 0.18 M . Furthermore, the orbits are much wider than for the 1.0
1.4 cases. Simulations in which the MT rose sharply and exceeded |Ṁ d | > 10 −3 M yr −1 were stopped and labeled as exhibiting unstable MT. This occurs if the initial mass ratio
is too large, where M d,i is the initial donor star mass, M a,i is the initial accretor mass, and is exacerbated by wider orbital separations such that the donor was well up the giant branch when MT commenced. As discussed in Appendix B, unstable MT and CE may lead to merging for the M c 0.1 M here.
In our model, the ELM WD progenitor is assumed to be the initially less massive star, and the initially more massive star becomes the ELM WD companion, itself a WD. The initially more massive star is assumed to form a WD through a CE phase, because short orbital periods from 1 to 3 days are required in the second phase of MT to form the ELM WD. Let M 1 be the mass of the initially more more massive star, M 2 the mass of the initially less massive star, and a CE,i the initial semi-major axis before the CE. Notice that the subscript "1", "2" and "CE" are only used in this section, and indicate the star parameters before the stable RLOF phase. For a wide initial orbit, a core mass M 1,c is formed in star 1, and by removing the envelope, M 1,c is the mass of the ELM companion. Applying the CE energy equation (Equation B1 in the appendix), and expressing the answer in terms of the post-CE (but pre-magnetic braking) orbital period P CE,orb,f , gives
. (4) with the appropriate R 1 (M 1,c ) relation for each core mass range, this equation can be solved for P CE,orb,f during the evolution, where P CE,orb,f is the post-common envelope (but pre-magnetic braking) orbital period, λ 1 is a mass-dependent factor describing the binding energy, α is the efficiency of tapping orbital energy to remove the envelope, and r L a is the effective radius of the Roche lobe, and r L is a parameter defined in Eggleton (1983) . MESA models for M 1,i =1, 2, 3, 4, 5 M were used to find R 1 , M 1,c and M 1 during the evolution. The radius grows non-monotonically, so this leads to gaps in M 1,c over regions where the radius decreases below its maximum value. Figure 1 shows numerical solutions of Equation 4 for companion mass M 1,c as a function of P CE,orb,f . The ELM WD progenitor mass has been fixed at M 2 = 1.3 M , and five different M 1 have been used to give the different lines. The product αλ is set to 2 for convenience. There is a general trend that M 1,c must be larger for larger orbital period or M 1 , in order that the orbital energy release can balance the binding energy. During the second phase of MT, the companion is the accretor and so M a,i = M 1,c , and the progenitor of the ELM WD is the donor, so
The separation at the onset of the RLOF should be slightly greater than 5 R to form an ELM WD. If M 1,c is fixed at 0.6 M with M 2 = 1.3 M and the separation after the CE a CE,f = 5R , there are still two free (but not completely free) parameters M 1 and the orbital period before the CE P CE,i . Moreover, M 1 is greater than M 2 because the massive star evolves first. This can lead to a CE phase. And M 1 /M 2 is greater than one to have unstable MT followed by a CE phase (Woods & Ivanova 2011) . For M 1 = 2 M , P CE,i is 7.6 days.
RESULTS ON BINARY FORMATION
3.1. The Fiducial Case Figure 2 displays evolution tracks in the log 10 g versus T eff plane for the fiducial case with M d,i = 1.3 M and (constant) accretor mass M a,i = 0.6 M . The entire range of ELM WDs is covered by the initial orbital period P orb,i =0. 90, 0.91, 0.93, 0.95, 0.97, 0.99, 1 .02 days, after the CE but before the RLOF phase. The narrow range of P orb,i which produce ELM WD is similar to the result found by Smedley et al. (2017) . The donor in the track with P orb,i = 1.03 day has a core mass large enough that diffusion-aided shell flashes occur on the WD cool- ing track. The color indicates M c . The black points with error boxes represent the seven pulsating ELM WDs with parameters derived using 3-D atmosphere models (Tremblay et al. 2015) except J1618+3854 (since only the log 10 g and T eff from 1-D atmosphere model is given in other references), with the half width of the box showing the measurement uncertainty.
All runs begin at the ZAMS with log 10 (g/cm s −2 ) = 4.4 and T eff = 6500 K. Along the MS, and as the star evolves to the RGB, its radius increases with M c , and so wider orbits come into contact with larger M c . The ELM WD commences MT with 0.06 M c /M 0.1, and M c increases during the MT phase. Figure 2 shows that models with larger M c evolve to a higher maximum T eff , the elbow in the curve that separates the pre-WD phase (increasing T eff ) from the WD cooling track (decreasing T eff ). This plot shows the same behavior between shell flashes, that the loops in the log g −T eff plane become larger, evolving to higher maximum T eff . As a result, when systems with shell flashes enter the WD cooling track, their evolution is more nearly horizontal, at constant log 10 g. This gives rise to a wedge in the log 10 g − T eff plane which separates the ELM WD with M 0.18 M without shell flashes from the slightly more massive WDs, with M 0.18 M , which do have shell flashes. The hydrogen-rich envelope is thinner after the shell flashes, so the residual hydrogen burning is smaller and the system evolves to lower T eff more quickly. All runs were evolved to an age 13.7 Gyr, except the one run in the Figure which come back into contact. Furthermore, the low-mass donor star evolves slower and cannot reach the WD cooling phase by the age of the Galactic disk (10 Gyr). We extended the evolution to 13.7 Gyr to see if the WD cooling phase can be reached within a Hubble time. The ELM WDs in Figure 2 have much longer cooling times, and only get down to T eff 8000 K, while the run with shell flashes in the lower panel makes it down to T eff 4000 K. The observed systems evidently span the range of ELM WDs with thick envelopes as well as those which have undergone shell flashes.
For smaller P orb,i , the donor comes into contact at core mass 0.01 M c /M 0.07, and stays in contact to short P orb 1hr. For systems that come into contact early on the MS, at very small M c 0.01 M , standard CV evolution with a period gap at 2-3 hours is recovered. However, the radiative core is small or nonexistent in this case, and they are not expected to be g-mode pulsators. The core mass at contact for these cases is small, at roughly M c 0.06 M , in agreement with Podsiadlowski et al. (2003) . In the top two panels, evolutionary tracks producing ELM WDs start at long periods and proceed to shorter periods on the whole. Magnetic braking is small for M d,i = 1.3 M on the MS, due to the small surface convection zone, so P orb is nearly constant during that time. When the system first comes into contact, TTMT results in high mass-loss rates 10
10
−7 . TTMT continues until the ratio M d /M a decreases to the critical value (1 for conservative transfer, see Woods et al. 2012 ) at which point TTMT ends, and the much slower nuclear orJ timescale MT takes over. During TTMT,J ml dominates, due to the high accretion rates (second panel). Shortly thereafter, the increased size of the convection zone removes the suppression ofJ mb , and it subsequently dominates until MT turns off at 5 P orb /hr 11. Subsequently J gr dominates and all systems undergo orbital decay. Only the lowest mass, less evolved donors undergo sufficient orbital decay to come back into contact at P orb ≈ 1 hr. For larger M c , evolution driven by the expansion of the star as it tries to ascend the RGB becomes more important than orbital shrinkage due to magnetic braking, leading to a period bifurcation separating the orbits which shrink from those which expand (Podsiadlowski et al. 2003) .
The third panel in Figure 3 shows donor radius as a function of mass during the evolution. Before contact, R d increases with M c . Smaller P orb,i runs commence MT first, at smaller R d , while larger P orb,i allows R d to grow further. During TTMT, the high MT rate causes the radius to be slightly inflated. As discussed in Appendix A (see Figure 22) , the decrease in mass of the hydrogen-rich envelope leads to smaller hydrogen shell-burning luminosity, accompanied by shrinkage of the radius. This is seen in the steep drop in radius in third panel of Figure 3 , leading the system to fall out of contact, as shown in the first panel. Models with thick hydrogen envelopes have modest shrinkage in radius beyond that point. The lowest mass model comes back into contact, evolving toward smaller M d .
The bottom panel in Figure 3 shows P orb versus age. Figure 2) . From top to bottom, the panels give the mass-loss rate of the donor star (Ṁ d ) versus orbital period (P orb ), the separate contributions to the orbital angular momentum loss rate (J ml ,J mb andJgr) versus P orb , the donor star radius (R d ) versus donor mass (M d ), and P orb versus age (t). In the bottom panel, on the P orb,i = 0.90 day track, the magenta cross marks the beginning of the second phase of MT.
The evolution starts on the left, with tracks at different P orb,i denoted by solid lines. When MT commences (dashed lines starting at 3 Gyr), rapid orbital decay occurs during TTMT. Then the slower orbit evolution on theJ timescale lasts 2 to 3 Gyr. During this slow phase of MT, slight orbit expansion occurs for large M c , while continued orbital decay occurs for small M c . When MT ceases, the donor becomes an ELM WD near 5 to 6 Gyr (solid lines). The three largest P orb,i and M c tracks show only modest orbital decay due toJ gr , while the lowest line decays from P orb = 5 hr to 1 hr, at which point MT re-commences (the magenta cross). 0.03 is converted from envelope to core by nuclear burning, during which time the orbit decays due toJ gr .
From the discussion in Section 2 (see Equation 3), the thickness of the convective envelope is an important parameter for the effectiveness of magnetic braking. Figure  5 shows the mass of the convective envelope M conv as a function of M d . The systems evolve from right to left during MT. The M d,i = 1.3 M donor has a small convective envelope on the MS. The spike at M d = 1.3 M , is due to the convective core on the MS. As M c grows and the shell burning luminosity increases, M conv increases. When nearly all the hydrogen-rich envelope has been lost, the luminosity drops and the convection zone shrinks again. The orange dashed line gives the threshold below which magnetic braking is exponentially suppressed. For the ELM WD, M conv drops below the threshold and magnetic braking shuts off. Figure 6 shows the same log g versus T eff as Figure  2 Brickhill's criterion, P (g1) 8πt th , and are covered by red lines, where P (g1) is the mode period of the lowest order g-mode and t th is the thermal time at the base of the surface convection zone. The two data points at high log g would require M d,f > 0.18 M tracks which are not shown on the plot. The estimate of the instability strip used here appears to give too cool a blue edge T eff to explain the systems near 8500 T eff /K 9, 500. point as the T eff reaches the maximum, the WD enters its cooling phase. The two pulsators with the shortest P orb have slightly higher T eff than the models. The lines covered by red segments show the unstable g1 mode with Brickhill's criterion. In the following discussion section it will be shown that lower-mass donor and high-mass accretor can give better agreement.
A More Massive Accretor
The runs in this section use the same M d,i = 1.3 M but a heavier accretor mass M a,i = 0.9 M . The structures and the evolutionary tracks of the donor stars do not change significantly with companion mass, while the orbital period of the system can be different (Istrate et al. 2016) . the onset of RLOF, the orbit first goes outward slightly, and then shrinks until M d ≈ M a . The accretor is larger, so the orbit does not shrink as much as the fiducial case and the mass-loss rate is also smaller. The donor star is slightly less evolved at the beginning of the RLOF because, for the same separation, the larger accretor makes the Roche-lobe radius smaller. As a result, smaller P orb,i must be used to get the same M d,f .
The main difference between Figures 9 and 7 occurs on the WD cooling track after maximum T eff . During this long period, the larger M a,i increasesJ gr , causing the orbit to shrink faster. This is more evident for small P orb . A specific example is given in Figure 21 , in which the pre-WD evolution is similar but the heavier accretor causes more orbital decay on the WD cooling track.
Solar Mass Donor and Low Mass Accretor
This section contains a comparison of evolutionary models for M d,i = 1.0 M and M a,i = 0.45 M to the fiducial case results in Section 3.1. The companion mass is near the upper end of the mass range for helium core WDs. In addition, M a,i is also low enough that long P orb,i models exhibit unstable MT. Even lower M a,i can lead to unstable MT at a broader range of P orb,i . Figure 10 gives the evolutionary tracks for M d,i = 1.0 M and M a,i = 0.45 M with P orb,i =2.3, 2.35, 2.4, 2.45, 2.5, 2.55, 2.6, 2.67 days. The axes are the same as in Figure 2 . For P orb,i < 2.3 days, accretion never ceases and the orbit shrinks to P orb < 1 hour. For P orb,i > 2.67 days, MT commences with a sufficiently large convective envelope that unstable MT occurs, yielding an upper limit to the WD mass produced with these evolutionary sequences. This is to be contrasted with the fiducial case in Figure 2 , where the ELM WD sequence joins on to the sequences of WDs at larger P orb,i which have shell flashes. Hence the bottom track in Figure 2 , which shows the WD cooling track after flashes have stopped, would not occur for this case, due to the smaller M a,i used in this section. Figure 10 shows that most tracks have insufficient time to reach the T eff of the data points. This is due to the long MS evolution. The log g at the elbow is slightly Tracks enter from the right hand side of the plot due to the large magnetic braking. This is in contrast to the fiducial case where RLOF began due to an increase in the stellar radius near the end of the MS. The tracks at smaller P orb have incomplete burning of the envelope within the Hubble time. Figure 12 shows
The outer convection zone grows during the MS. As P orb,i increases, the onset of RLOF occurs later, and with a larger surface convection zone. Since the outer convection zone has q conv > 0.02, magnetic braking is much larger than for the fiducial case and is evident in Figure 11 . Therefore, making an ELM WD needs longer P orb,i for M d,i = 1.0 M , P orb,i > 25 hours. For even longer P orb,i , M conv is sufficiently large for unstable MT to occur. Figure 13 shows T eff versus P orb , and should be compared to the fiducial model in Figure 7 . First note that there are no tracks which end at P orb > 10 hours due to unstable MT. In the fiducial case, the heavier WDs with shell flashes would end in that region. Given sufficient time, the tracks at P orb < 5 hours would have slightly larger maximum T eff , and would explain the data points better. However, there is insufficient time to reach the elbow.
The Maximum ELM WD Progenitor Mass
Given that more massive donors have a shorter MS phase, this leaves more time for the resultant ELM WDs to cool to T eff 9, 000K and become pulsators. However, sufficiently massive progenitors produce helium cores at terminal age MS which are larger than the maximum Figure 2 for the description the black dots. The leftmost track (P orb,i =0.9 day) experiences a weak hydrogen flash prior to the WD cooling phase.
ELM WD to avoid shell flashes. Hence there is a maximum progenitor which can create an ELM WD. This section describes models with donor mass M d = 1.5 M which approaches this limit. Figure 14 has P orb,i = 0.85 days, and initial periods shorter than this value will have continuous MT and never emerge as an ELM pulsator. Figure 15 shows T eff versus P orb . The tracks start at the ZAMS with 20 P orb,i /hr 21, and the MT starts roughly 1-2 Gyr into the MS evolution of the donor star. The final WD thus has more time to cool, more time passes between the start of MT and the end of the 13.7 Gyr simulation, than in the lower-mass donor case. After MT commences and enough mass has been lost that M d M a , the orbit expands dramatically and can exceed the initial separation a i . The smallest P orb,f is near 12 hours. As such, the M d,i = 1.5M case is unable to account for the three systems with P orb < 12 hrs.
Further increase of the donor mass above M d,i = 1.5 M would lead to larger M c at terminal age MS, and larger final WD mass. The upper limit for M d,i which may produce an ELM WD is thus near 1.5 M d,i /M 1.6.
Mode Periods
Adiabatic mode periods have been computed using the GYRE code (Townsend & Teitler 2013) , which is part of the MESA distribution. The solid lines show the Brunt -Väisälä frequency while the dashed lines give the square of the Lamb frequency for = 1. The bump in the buoyancy frequency is due to the composition change from hydrogen to helium with depth. The color of the lines indicate the age, with the blue, green, and red lines representing models at 5.63 Gyr (right after the MT), 7.85 Gyr (at the elbow), and 13.7 Gyr (the termination of the simulation), respectively. Figure 16 shows the propagation diagram and the composition versus radius fraction r/R d during the post-MT evolution of the M d,i = 1.3 M , M a,i = 0.6 M and P orb,i = 0.95 day model. Three different times are shown, where the color of the lines indicates the age, with the blue, green, and red lines representing models at 5.63 Gyr (right after the MT), 7.85 Gyr (at the elbow), and 13.7 Gyr (the termination of the simulation), respectively. The bump in the square of the Brunt -Väisälä frequency N 2 is caused by the composition switch from hydrogen to helium. After MT ends, the size of the helium core increases due to sinking of helium in the envelope and ongoing burning of hydrogen in the envelope.
In order for the composition profile to be in diffusive equilibrium, the diffusion timescale must be shorter than the nuclear burning and cooling timescales. The composition profile in Figure 16 is far from diffusive equilibrium just after MT (blue line) and also at the elbow (green line). The red line is in diffusive equilibrium to a good approximation, and a range of ages (not shown here) were in diffusive equilibrium as well. A close examination of the composition profiles at different ages shows that the residual hydrogen burning ends at nearly the time that diffusive equilibrium is established. The age at which diffusive equilibrium is established was determined for each of the tracks in Figure 6 , and their position marked by a black cross. The rightmost track with the shortest P orb,i didn't reach diffusive equilibrium before the second MT phase. The six pulsators with 8, 500
T eff /K 9, 000 are in diffusive equilibrium to a good approximation. Fig. 17 shows the p-mode frequency spacing and gmode period spacing for the fiducial model after MT has ceased. The different color lines represent different P orb,i . The blue and green lines appear shorter because they were terminated at the start of a second phase of MT. The g-mode period spacing is strongly dependent on the WD mass, so the lines differ by up to 30%. Also, g-mode period spacing depends on the age, mainly through the thickness of the hydrogen envelope, so there can be about 15% differences in the period spacing along an individual evolutionary track. A minimum in the g-mode period spacing occurs near the elbow separating the pre-WD and the WD cooling track. The p-mode frequency spacing becomes nearly constant for the high-mass models, however for the lower mass models the spacing is slowly increasing in time over many Gyrs. Fig. 18 displays the lowest order g-mode and p-mode for one evolutionary track (M d,i = 1.3 M , M a,i = 0.6 M , P orb,i = 0.95 day). Most of the oscillation modes are mixed modes on the pre-WD track, meaning that near the radiative core, the mode behaves like a g-mode, and in the outer convection zone the mode behaves like a p-mode with larger radial displacement. A sequence of avoided crossings are observed during the approximately 2 Gyr pre-WD phase. Starting at 7.5 Gyr, on the WD cooling track, the avoided crossings end, and the g-mode and p-mode are distinct, separated with gap in period. This period separation increases during the subsequent WD cooling phase. Fig. 19 shows the = 1 p-modes (dashed) and gmodes (solid) at a fixed T eff = 9000 K. The final WD masses are from six evolutionary tracks, with P orb,i = 0.93, 0.95, 0.97, 0.99, 1.01, 1.03 days and M d,i = 1.3 M , M a,i = 0.6 M . The period gap between the p-modes and g-modes increases with the WD mass. The g-mode periods decrease slightly with the increased final mass in the mass range of the ELM WD. For WDs with masses above about 0.18M , the gap between the p-modes and g-modes begins to increase even more rapidly. The mode periods decrease with increasing WD mass, which agrees with CA's result (Córsico & Althaus 2014). 
DISCUSSION

Pre-WD Structure and Orbital Periods just after
Mass Transfer Ends Figure 20 shows the stellar mass as a function of P orb just after the MT phase has ended. Three different initial binary mass configurations (fiducial case, larger accretor mass, and smaller donor mass) are plotted. The helium core mass and hydrogen envelope mass are also plotted for each of these systems. Keep in mind that P orb continues to change in the pre-WD and the WD cooling phases due to gravitational wave losses.Also, there is continued burning of the envelope adding to the core.
For the fiducial case, P orb,i smaller than 0.9 day results in continuous accretion and thus no ELM WD pulsator. The lowest ELM WD mass is M d,f = 0.146 M , with M c = 0.120 M and P orb = 3.72 hours. The envelope is 18% of the total mass in this case, much larger than for a standard 0.6 M carbon/oxygen WD. A large fraction of the radius of the star is also taken up by the envelope in this case. All else being equal, larger P orb,i results in higher pre-WD masses and M c , but lower M env , immediately post-MT. For P orb,i above 1.03 days (in the fiducial case), the WD experiences hydrogren flashes prior to the cooling phase. At this upper boundary, the pre-WD mass is 0.179 M and P orb is 18.35 hours immediately post-MT, with an envelope containing only 11.5% of the total mass, which is smaller than all the ELM WDs with no hydrogen flashes before cooling. For non-ELM WDs which experience hydrogen flashes prior to the cooling phase, the resulting envelope is much thinner than for the lower-mass ELM WD. The trend of the thinner envelope with an increasing total WD mass agrees with Istrate et al. (2016) .
The results from a simulation with high-mass companion, M a,i = 0.9 M , are plotted as green lines in Fig position, and orbits immediately post-MT. Similarly, the results for a lower-mass donor M d,i = 1.1M are shown in red; this setup can create ELM WDs with even lower masses and shorter P orb . The minimum ELM WD mass for this setup is 0.143 M , with P orb = 2.75 hours immediately post-MT, and the range of P orb,i that results in ELM WDs is considerably larger than for higher-mass donors. For small donor masses (e.g., M d,i = 1.0 and 1.1 M ), the thick convective envelope present during the MS phase causes magnetic braking to be much stronger, resulting in a wider accessible range of P orb,i . Chen et al. (2017) used a wider range for M d , M a and P orb with different metallicities. Their mass-period relation is in agreement with Figure 20 . And the difference in metallicity doesn't affect this relation at the low-mass WD range.
4.2. Models Producing Higher T eff at Shorter P orb From Figure 7 , two of the ELM WDs, J1840 and J1112, have 4 P orb /hr 5 (a range that is accessible with our simulations), but with a higher T eff that falls slightly above the theoretical tracks. This section is about making ELM WDs with T eff ≈ 9000 K and short orbital periods P orb 5 hr. Figure 21 compares evolutionary tracks for simulations with different M d,i and M a,i . Prior to the WD cooling phase, the donor star reaches a maximum T eff . The trend is for this maximum T eff to decrease with decreasing P orb,i , and for the fiducial case it appears that having T eff ≈ 9000 K with 4 P orb /hr 5 is inaccessible. For a higher accretor mass, and even more dramatically for a lower donor mass, the maximum T eff is increased relative to the fiducial case. So to make a WD with T eff > 9000 K at short orbital periods, the preference is to have a low-mass donor and high mass accretor.
Stellar Engineering Construction of ELM WD
Instead of making ELM WDs models through binary evolution including magnetic braking, a simpler and cheaper alternative would be the following. Evolve a single ZAMS star until it reaches the desired M c . Then rapidly (on a timescale much shorter than the thermal and nuclear burning timescales) remove the envelope until the desired M env is left. The resulting model would represent the start of the pre-ELM WD track seen in this work. The two parameters are M c and M env , for a fixed composition. The star is then evolved through the pre-ELM WD and WD cooling tracks.
Though much simpler, the problem with this method is that it is not known a priori what to choose for M c and M env . Furthermore, this method does not give the expected P orb for the binary, or possible ranges of the mass of the companion WD. The former issue has been addressed in Figure 20 , which shows how the total stellar mass is partitioned into core and envelope. This greatly restricts the range of allowed M env because even far larger M env , up to half the mass of the star can be used for M < 0.17 M without incurring shell flashes. Such large M env would have many Gyrs of hydrogen burning until a more physically-motivated envelope size would result.
CONCLUSIONS
This work has discussed the formation of double WD binaries in which one of the stars is an ELM WD with mass M 0.18 M . The main results of the paper are as follows.
-ELM WDs cannot be formed via conservative MT. The mass-loss rate for conservative MT is not fast enough to remove more than 90% of the WD progenitor star before the helium core has grown beyond the ELM WD regime. As a result, the minimum mass of an ELM WD made by conservative MT is about 0.2 M .
-ELM WDs are not likely to be formed through common envelope evolution. For donor and accretor masses consistent with producing an ELM WD, the binding energy of the donor's envelope (90% of the donor mass) is so large that the final binary orbital separation would be unphysically small (i.e., smaller than the stellar radii), implying merging of the two stars.
-The ELM WD binary formation pathway investigated in this paper posits that the ELM WD progenitor is the initially less massive star. In this picture, the first MT phase occurs when the more massive companion evolves off the MS and the binary enters a common envelope phase. Upon ejection of the common envelope material, the initially more massive star becomes a helium or a carbon-oxygen WD. Once the initially less massive star evolves off the MS, a second (RLOF) MT phase takes place. The donor star in this phase is the progenitor of the ELM WD. Magnetic braking during this phase is crucial to strip the envelope before the core grows too large. Subsequent gravitational wave angular momentum losses lead to decay of the shortest orbital period systems, which may have a second phase of MT. MT was assumed to be completely non-conservative.
-The possible mass range for the ELM WD progenitor is 1.0 M d,i /M 1.5. For initial stellar mass below 1.0 M , the WD cannot reach the WD cooling phase within a Hubble time with the initial Z=0.01. For initial masses greater than 1.5 M , the (convective) helium core grows too large to make ELM WDs with mass less than about 0.17 M .
-Similar final ELM WDs can be produced via different combinations of donor mass, accretor mass and initial orbital period. In the first case the increasing donor radius as it evolves off the MS triggers the RLOF, while in the second case the decreasing orbital radius (caused by magnetic braking) shrinks the Roche lobe radius to the point where it reaches the stellar radius of the donor. An ELM WD binary with short P orb and high T eff may be produced from a low-mass donor with high-mass accretor. In general, the accretor mass should be large enough to avoid unstable MT.
-The mass range of ELM WDs created via RLOF is 0.146 M/M 0.18, with 2 P orb /hr 20. For higher mass WDs there can be several hydrogen flashes prior to the cooling phase, and the final P orb is wider than for ELM WDs with no shell flashes.
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APPENDIX
Appendix A and B discuss WD formation by conservative MT and CE evolution. It is shown that neither of these channels are likely to form an ELM WD.
APPENDIX A CONSERVATIVE EVOLUTION
The simplest case to consider for binary interaction is conservative MT with constant total mass and orbital angular momentum. Evolution occurs on the nuclear timescale of the donor star, and significant orbit expansion occurs as it ascends the RGB. Han et al. (2000) extended earlier studies (e.g. Kippenhahn et al. 1967 ) by considering Z = 0.02 stars with a range of ZAMS donor mass 1 M d,i /M 8 and mass ratios 1.
and M a,i are the initial donor and accretor masses. The initial orbital separation and period, a i and P orb,i , were set so that RLOF commenced in the early, middle or late Hertzsprung gap. This study found that the smallest WD masses are produced through a combination of the smallest possible donor masses, which evolve in the age of the Galaxy, the smallest accretor masses, to give higher mass-loss rates, and the smallest initial separations, to avoid building up the helium core. For a given donor mass, there is a limit on how small the accretor mass can be in order to avoid unstable MT. The smallest mass WD in their 150 simulations was M = 0.21 M , with parameters M d,i = 1.0 M , M a,i = 0.5 M and P orb,i = 0.49 day. Hence while conservative evolution produces masses approaching the ELM WD mass range, it appears that it cannot robustly produce WDs in the mass range 0.1 M/M 0.2. Further, the final orbital periods have P orb,f ≈ 1 week, much wider than the observed ELM systems.
The numerical results of Han et al. (2000) can be understood with the analytic treatment in Refsdal & Weigert (1971) . For conservative evolution, the total mass 2 ) 1/3 , where P orb,i is the orbital period where RLOF commences. Lastly, a mass-radius relation is required for the low-mass RGB star, at the maximum radius attained before the envelope becomes too thin and the radius shrinks. Following Refsdal & Weigert (1971) , this is estimated from single star evolution tracks.
MESA was used to evolve stars of constant total mass M/M = 0.15, 0.16, ..., 0.30 from ZAMS to the first shell flash on the WD cooling track, as shown in Figure 22 
Han et al. (2000)'s conclusions about the variation of M d,f with P orb,i , M d,i and M a,i are directly observed in this formula. It agrees with the final WD masses of Han et al. (2000) to an accuracy of 2-3%. To derive the smallest possible WD mass from conservative evolution, the accretor mass is evaluated at the stability limit M a,i M d,i /2.5, the donor mass is set to the smallest that can evolve in the age of the Galaxy, M d,i 1.0 M for Z = 0.01, and the initial orbital period is set so that RLOF commences near the end of the MS, P orb,i 0.6 day, with the result
Hence conservative evolution cannot lead to an ELM WD of mass M 0.18 M . It is instructive to consider why conservative MT produces WDs with mass M > 0.2 M . Consider a donor of mass M d,i = 1.2 M near the end of the MS, with a M c 0.1 M core already built. For the core to be limited to M c 0.15 M means that only 0.05 M can be added to the core while 1.05 M must be lost by RLOF, requiring a mass-loss rate for donor of |Ṁ d | 20Ṁ c , whereṀ c is the rate at which the helium core grows due to hydrogen shell burning. Figure 23 shows a MESA calculation of conservative binary evolution with a M d,i = 1.2 M donor transferring mass to a M a,i = 0.8 M accretor, with initial orbital period of P orb,i = 0.6 day. For M d,i > M a,i , there is an initial phase of TTMT at highṀ d . Once the donor mass nearly equals the accretor mass M d M a , this is followed by a second phase at lowerṀ d on the nuclear timescale of the donor. It is during the second phase that the helium core builds up to large mass. Figure 23 shows that, as shell burning causes the radius to expand, settingṀ d , it is also adding to the helium core at a rateṀ c . The second phase has 10 |Ṁ d |/Ṁ c 15, which allows the core to grow too much. What is needed is a faster rate of RLOF, to limit the increase of M c .
Lastly, conservative evolution tends to produce orbital periods far larger than that of ELM WDs. Plugging the result in Equation A1 in to Kepler's third law, the final orbital period is P orb,f = 2.2 day 
far larger than that observed for the ELM WDs. Noise is apparent in the MT rate in Figure 23 . To assess the size of the noise for different values of MESA solver parameters, runs were carried out with smaller values of "varcontrol target in the MESA namelist. This parameter controls the relative variation in values of the solution from one model to the next. A decrease of varcontrol target from 10 −3 to 10 −4 contained smaller amounts of noise by a factor 10 inṀ d , during the time intervals where the MT rate was noisy (i.e., at the start of MT). And this change gave values of M c , M env , R d , T eff and log 10 g to better than 1%.
